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Abstract 

A triple system is cancellative if no three of its distinct edges satisfy AU B ~ AU C. 
It is tripartite if it has a vertex partition into three parts such that every edge has exactly 
one point in each part. It is easy to see that every tripartite triple system is cancellative. 
We prove that almost all cancellative triple systems with vertex set [n] are tripartite. This 
sharpens a theorem of Nagle and Rodl [IS] on the number of cancellative triple systems. It 
also extends recent work of Person and Schacht [16] who proved a similar result for triple 
systems without the Fano configuration. 

Our proof uses the hypergraph regularity lemma of Frankl and Rodl [llj , and a stability 
theorem for cancellative triple systems due to Keevash and the second author [T^]. 

1 Introduction 

Let F he a fixed graph or hypergraph. Say that a (hyper)graph is i^-free if it contains no 
copy of as a (not necessarily induced) sub(hyper)graph. Beginning with a result of Erdds- 
Kleitman- Rothschild [9], there has been much work concerning the number and structure of 
F-free graphs with vertex set [n] (see, e.g. [HI [m [171 [U O [3l [5] ) . The strongest of these results 
essentially state that for a large class of graphs F, most of the F-free graphs with vertex set 
[n] have a similar structure to the F-iree graph with the maximum number of edges. Many 
of these results use the Szemeredi regularity lemma. 

With the development of the hypergraph regularity Lemma, these problems can be attacked 
for hypergraphs. For brevity, we refer to a 3-uniform hypergraph as a triple system or 3-graph. 

Definition. For a 3-graph F let Forb{n, F) denote the set of (labeled) F-free 3-graphs on 
vertex set \n\. 



'Department of Mathematics, U.C. California at San Diego, 9500 Gilmann Drive, La Jolla, Depart- 
ment of Mathematics; and University of Illinois, 1409 W. Green Street, Urbana, IL 61801, USA; e-mail: 
jobal@math.uiuc.edu; research supported in part by NSF CAREER Grant DMS-0745185 and DMS-0600303, 
UIUC Campus Research Board Grants 09072 and 08086, and OTKA Grant K76099. 

^Department of Mathematics, Statistics, and Computer Science, University of Illinois at Chicago, IL 60607; 
email: mubayi@math.uic.edu; research supported in part by NSF grant DMS 0653946. 



1 



The first result in this direction was due to Nagle and Rodl |15| who proved that for a fixed 
3-graph F, 

\Forb{n,F)\ < 2<'^("'-^)+°("'), 

where ex(n, F) is the maximum number of edges in an F-free triple system on n vertices. Since 
there is no extremal result for hypergraphs similar to Turan's theorem for graphs, one cannot 
expect a general result that characterizes the structure of almost all F-free triple systems for 
large classes of F. Nevertheless, much is known about the extremal numbers for a few specific 
3-graphs F and one could hope to obtain characterizations for these F. Recently, Person and 
Schacht [H] proved the first result of this kind, by showing that almost all triple systems on 
[n] not containing a Fano configuration are 2-colorable. The key property that they used was 
the linearity of the Fano plane, namely the fact that every two edges of the Fano plane share 
at most one vertex. This enabled them to apply the (weak) 3-graph regularity lemma, which 
is almost identical to Szemeredi's regularity lemma. They then proved an embedding lemma 
for linear hypergraphs essentially following ideas from Kohayakawa-Nagle-Rodl-Schacht |13] . 

It is well-known that such an embedding lemma fails to hold for non-linear 3-graphs unless 
one uses the (strong) 3-graph regularity lemma, and operating in this environment is more 
complicated. In this paper, we address the situation for a particular non-linear F using this 
approach. 

A triple system is tripartite or 3-partite if it has a vertex partition into three parts such 
that every edge has exactly one point in each part. Denote by T(n) the number of 3-partite 
3-graphs on [n]. Let 

s{n) := 



n 
3J 



n + 1 
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be the maximum number of edges in a 3-partite triple system with n vertices. A triple system 
is cancellative \i A\J B = A\J C implies that B = C for edges A, B, C. Every tripartite triple 
system is cancellative and Katona conjectured, and Bollobas pj proved that the maximum 
number of edges in a cancellative triple system with n vertices is s{n). It is easy to see that 
a cancellative triple system is one that contains no copy of 

F5 = {123, 124, 345} and = {123, 124, 234}. 

Later Frankl and Fiiredi [TU] sharpened Bollobas' theorem by proving that ex{n,F^) = s{n) 
for n > 3000 (this was improved to n > 33 in [12j). 

Our main result is the following. 

Theorem 1. Almost all F^-free 3-graphs on [n] are 3-partite. More precisely there is a con- 
stant C such that 

\Forh{n,F^)\ < ( 1 + 2^""^ ) T(n). (1) 
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Theorem [T] clearly implies the same result for cancellative 3-graphs which is stated in the 
abstract. As mentioned before, the proof of Theorem [1] uses the strong hypergraph regularity 
lemma, and stability theorems. 

Using the fact that 

4 3" 

^-2"(") < T(n) < 3"2^(") 

(see Lemma[S]), we get the following improvement over the general result of Nagle and Rodl |15| 
which only implies that \Forb{n,F5)\ < 2^(")+°("'). 

Corollary 1. As n ^ oo, 

log2 \Forb{n, F^)\ = s{n) + nlog2 3 + 0(logn). 

In a forthcoming paper [3], we shall characterize the structure of almost all F-free 3-graphs, 
where F = {123, 124, 125, 345}. Note that such a fine statement as Theorem [T] is rare even for 
graphs: Promel and Steger ^LT^ characterized the structure of almost all F-free graphs when 
F has a color-critical edge, and Balogh, Bollobas and Simonovits [3] when F = K(2,2,2). 

2 Stability 

The key idea in the proof of Theorem [J is to reduce the problem to 3-graphs that are almost 
3-partite. We associate a hypergraph with its edge set. 

For a triple system Ti. with a 3-partition P of its vertices, say that an edge is crossing if it 
has exactly one point in each part, otherwise say that it is non-crossing. Let Dp be the set 
of non-crossing edges. An optimal partition X UY L) Z of a triple system 7^ is a 3-partition 
of the vertices of Tl which minimizes the number of non-crossing edges. Let D = Dn be the 
number of non-crossing {had) edges in an optimal partition X \JY \J Z . Define 

Forb{n,F5,r]) := {hi C [nf ■.F^(^'H and Dn < rjn^}- 

The first part of the proof of Theorem[T]is the following result, which we will prove in Section^ 
Theorem 2. For every r] > 0, there exists > and uq such that if n > uq, then 

3 

\Forb{n,F^) - Forb{n,F^,ri)\ < 2^'^^"^^ . 

3 Hypergraph Regularity 

In this section, we quickly define the notions required to state the hypergraph regularity 
Lemma. These concepts will be used in Section U to prove Theorem [2j Further details can be 
found in [11] or [15]. As mentioned before we associate a hypergraph with its edge set. 
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A k-partite cylinder is a fc-partite graph G with A;-partition Vi,...,Vk, and we write G = 
Ui<jG*^, where G^^ = G[Vi U Vj] is the bipartite subgraph of G with parts Vi and Vj. For 
B G [k]^, the 3-partite cyhnder G{B) = U^j^jy^^^j'^G^^ is called a triad. For a 2-partite cylinder 
G, the density of the pair Fi, V2 with respect to G is ^0(^1, V2) = jv^j^ji^- 

Given an integer I > and real e > 0, a A;-partite cylinder G is called an {I, e, k)- cylinder if 
for every i < j, G^^ is e-regular with density l/l. For a fc-partite cylinder G, let ICsiG) denote 
the 3-graph on V{G) whose edges correspond to triangles of G. An easy consequence of these 
definitions is the following fact. 

Lemma 1. (Triangle Counting Lemma) For integer I > and real 6 > 0, there exists 
e > such that every {I, e, 3)-cylinder G with \Vi\ = m for all i satisfies 

771 

\JCs{G)\ = il±9)^. 

We now move on to 3-graph definitions. A k-partite ^-cylinder is a /^-partite 3-graph Ti with 
A;-partition Vi, . . . ,Vk- Here /c-partite means that every edge of Ti. has at most one point in 
each Vi. Often we will say that these edges are crossing, and the edges that have at least two 
points is some Vi are non-crossing. Given B € [A;]^, let Tt{B) = '^[UjgB^]- Given A;-partite 
cylinder G and fc-partite 3-cylinder H with the same vertex partition, say that G underlies 7i 
if K C ICs{G). In other words, H consists only of triangles in G. Define the density dT-ciG{B)) 
of H with respect to the triad G{B) as the proportion of edges of H on top of triangles of 
G{B), if the latter quantity is positive, and zero otherwise. This definition leads to the more 
complicated definition of H being {6, r)-regular with respect to G{B), where r > is an integer 
and (5 > 0. If in addition du{G{B)) = a it (5, then say that H is {a,S,r)-regular with respect 
to G{B). We will not give the precise definitions of (a, (5, r)-regularity, and it suffices to take 
this definition as a "black box" that will be used later. 

For a vertex set V, an (Z, t, 7, e)-partition V of [V]^ is a partition V = VqUViU- ■ - LlVt together 
with a collection of edge disjoint bipartite graphs Pa , where 1 < i < j < t,0 < a < kj < I 
that satisfy the following properties: 

(i) \Vo\ < t and \Vi\ = [j\ := m for each i > 0, 

(ii) U^'^LgPa^ = K{Vi, Vj) for all 1 < i < j < i, where K{Vi, Vj) is the complete bipartite graph 
with parts Vi,Vj, 

(iii) all but 7(2) pairs {vi,Vj}, Vi G Vi,Vj G Vj, are edges of e-regular bipartite graphs Pa , and 

(iv) for all but 7(2) pairs {i,j} € [t]^, we have IPq'^I < 7771^ and dpij{Vi, Vj) = (1 ± e) j for all 
a G [lij]. 

Finally, suppose that H C [n]^ is a 3-graph and V is an (Z, t, 7, e)-partition of [n]^ with 
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m-p = For each triad P G V, let fip = ' ^3 . Then V is (5, r)-regular if 

TTLjy 

^^{/ip : P is a (5, r)-irregular triad of V} < 6 
We can now state the Regularity Lemma due to Frankl and Rodl [ 11] . 

Theorem 3. (Regularity Lemma) For every 5,7 with < 7 < 25^, for all integers toi^o 
and for all integer-valued functions r = r{t, I) and all functions e{l) , there exist Tq, Lq, Nq such 
that every 3-graph Ti. C [n]^ with n > Nq admits a {6, r(t, I)) -regular {I, t, ,e{l)) -partition for 
some t, I satisfying tQ <t < Tq and Iq < I < Lq. 

To apply the Regularity Lemma above, we need to define a cluster hypergraph and state an 
accompanying embedding Lemma, sometimes called the Key Lemma. Given a 3-graph J , let 
be the set of pairs that lie in an edge of J. 

Cluster 3-graph. For given constants k,6,l,r,e and sets {ob '■ B G [^]^} of nonnegative 
reals, let Ti. he a /c-partite 3-cylinder with parts Vi, . . . ,Vk, each of size m. Let G be a graph, 
and J' C [k]'^ be a 3-graph such that the following conditions are satisfied. 

(i) G = Ujj j}gj'2G*-' is an underlying cylinder of 7i such that for all {i,j} G J^'^, G*-' is an 
(/, e, 2)-cylinder. 

(ii) For each B ^ J, 'H{B) is (a^, (5, r) -regular with respect to the triad G{B). 
Then we say that is the cluster 3-graph of Ti. 

Lemma 2. (Embedding Lemma) Let k > A he fixed. For all a > 0, there exists 5 > such 
that for I > p there exists r,e such that the following holds: Suppose that J is the cluster 
3-graph of TC with underlying cylinder G and parameters k,6,l,r,e,{aB '■ B £ [k]"^} where 
o^B ^ 0( for all B £ J'. Then C TC. 

For a proof of the Embedding Lemma, see [15] . 




4 Most Fs-free triple systems are almost tripartite 

In this section we will prove Theorem [2J We will need the following stability result proved in 
|12j . The constants have been adjusted for later use. 

Theorem 4. (Keevash-Mubayi [12] ) For every v" > 0, there exist z^',t2 such that every 
F^-free 3-graph ont > t2 vertices and at least (1 — 2v')^ edges has a 3-partition for which the 
number of non-crossing edges is at most v"t^ . 

Given ?y > 0, our constants will obey the following hierarchy: 

// / n 1 r 111 

to lo r no 
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Before proceeding with further details regarding our constants, we define the binary entropy 
function H(x) := —x log2 x — (1 — x) log2(l — x). We use the fact that for < x < 0.5 we have 



xn 



Additionally, if x is sufficiently small then 

xn / 

Y.\ ] <2^(^)^ (2) 



i=o ' 

Detailed definition of constants. 

Set 

v" = (3) 
1000 ^ ^ 

and suppose that u'-^ and t2 are the outputs of Theorem S] with input i^" . Put 

1^' = mm{u[,u"} and = {ly')^- (4) 

We choose 



4(1 -I.)- 

Choose o"! small enough so that 



,3 , ^3 



(5) 



holds for sufficiently large n. In fact the function denoted by o(n^) will actually be seen to 
be of order O(n^) so ^ will hold for sufficiently large n. Choose a2 small enough so that ([2]) 
holds for (T2- Let 

a = min{cri, 0-2}- 

Next we consider the Triangle Counting Lemma (Lemma [1|) which provides an e for each 6 
and I. Since 9 is fixed, we may let ei = ei(/) be the output of Lemma [1] for each integer /. 



For a defined above, set 

" 1 



5i = ao = ^ and ti 
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(7) 



Let 

to = maxjti, t2i 33}. 

Now consider the Embedding Lemma (Lemma [2]) with inputs k = 5 and cto defined above. 
The Embedding Lemma gives 62 = 62(00), and we set 

S = mm{5i,S2}, l = 5\ h = \. (8) 

For each integer / > let r = r(/) and £2 = £2(0 be the outputs of Lemma [2l Set 

e = e(/) = min{ei(/),e2(0}- (9) 



6 



With these constants, the Regularity Lemma (Theorem [3]) outputs Nq. We choose no such 
that no > A'^o and every n > no satisfies ([6]). 



Proof of the Theorem [2l 

We will prove that 

3 

\Forb{n,F5) - Forh{n,F^,ri)\ < 2(^"t)i7 . 
This is of course equivalent to Theorem [2j 

For each Q € Forb{n, F^) — Forb{n, F^,ri), we use the Hypergraph Regularity Lemma, The- 
orem [3l to obtain a ((^, r)-regular (/, t, 7, e)-partition V = Vg. The input constants for Theo- 
rem [3] are as defined above and then Theorem [3] guarantees constants Tq,Lq, Nq so that every 
3-graph G on n > Nq vertices admits a ((^, r)-regular (/, t, 7, e)-partition V where to < t < Tq 
and Iq < I < Lq. To this partition V, associate a density vector s = is{i,j,k}a t J where 
1 < i < i < k <t and 1 < a, 5, c < / and 

dg{P:^ U Pf U ) G [S{,,,uu,j. is{^,ma,,. + m- 

For each Q G Forb{n, F^,r]), choose one (5, r)-regular (/, t, 7, e)-partition Vg guaranteed by 
Theorem [3l and let V = {'Pi,...,Vp} be the set of all such partitions over the family 
Forb{n, F^,rj). Define an equivalence relation on Forb{n, F^,r]) by letting ^ ~ ^' iff 

1) Vg = Vg' and 

2) Q and G' have the same density vector. 

The number of equivalence classes q is the number of partitions times the number of density 
vectors. Consequently, 

We will show that each equivalence class C{Vi,s) satisfies 

|C(P,,s)| = 2(i-t)#+^^(-)"'. (10) 
Combined with the upper bound for q and ([6]), we obtain 

\Forb{n,F5,v)\ < 20(«')2(i-t)i^+^(-)"' < 2(i-t)w. 

For the rest of the proof, we fix an equivalence class C = C{V, s) and we will show the upper 
bound in (fTO]) . We may assume that V has vertex partition [n] = Vq U Vi U • • • U 14, ll^l = m = 
[jj for all i > 1, and system of bipartite graphs Pa , where 1 < i < j < t,0 < a < lij < I. 

Fix Q G C. Let 80 C G he the set of triples that either 
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(i) intersect Vq, or 

(ii) have at least two points in some Vi,i > 1, or 

(iii) contain a pair in Pq for some or 

(iv) contain a pair in some Pa that is not e-regular with density j. 
Then 

|^o|<tn^ + t(^)^ + 7Qn + 27Q) (^)^. 
Let fi C ^/ — <So be the set of triples {vi,Vj,Vk} such that either 

(i) the three bipartite graphs of V associated with the pairs within the triple form a triad P 
that is not (5, r)-regular with respect to G{{i,j,k}), or 

(ii) the density dg{P) < ao- 
Then 

Let £■£; = £"0 U Now ^ and ([8]) imply that 

\£g\ < crn^. 

Set g' = g-£g. 

Next we define J*^ = {Q) C [tf x [I] x [/] x [I] as follows: ¥0^ I < i < j < k < t, 1 < 
a,b,c < I, we have {i,j, k}a,b,c £ if and only if 

(i) p = pi^ u pI^ U P^'^ is an (/, e, 3)-cyhnder, and 

(ii) G'{{i,j, k}) is (a, 5, r)-regular with respect to P, where a > oq. 

We view J'^ as a multiset of triples on [t]. For each cf) : (t|) ^ [/], let J'^ C ^7*^ be the 3-graph 
on [t] corresponding to the function (j) (without parallel edges). In other words, k} € J'^ 
iff the triples of Q that lie on top of the triangles of Pa'' U Pjl^ U P^*^ , a = (piij), b = <p{jk), c = 
4){ik), are (a, r)-regular and the underlying bipartite graphs Pa\Pi^,Pl'^ are all e-regular 
with density l/l. 

By our choice of the constants in ([8]) and Q, we see that any T d Ji^ with five vertices is a 
cluster 3-graph for and hence by the Embedding Lemma T dQ. Since ^ ^, we conclude 
that F5 <f. J^. It was shown in [12] that for t > 33, we have ex(t, F5) < Since we know 
that t > 33, we conclude that 

for each (/> : (W) [I]. Recall from (jH) that = v^l'^. 
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Lemma 3. Suppose that \ J^\ > (1 — v)^^^ . Then for at least (1 — v')l^^ of the functions 
(p : ('2') — > [I] we have 

I 7^1 



Proof. Form the following bipartite graph: the vertex partition is $ U J^^ , where 

and the edges are of the form {4>,{i,j,k}abc} if and only if (/) G {i,j,k}abc G •J'^ where 
4){{i,j}) = a, (/>({j, k}) = b, k}) = c. Let E denote the number of edges in this bipartite 
graph. Since each {i,j,k}abc £ •J'^ has degree precisely we have 

E=\J^'\li2)-\ 

Note that the degree of is {J^l- Suppose for contradiction that the number of (p for which 
\J(f,\ > (1 - ^O^iT^ is less than (1 - v')!^^) . Then since | ^7^1 < |^ for each ^ G we obtain 
the upper bound 



E<{l-u')l(l)'- + v'lQ{l-v')^-^ 



c\ 



Dividing by l^'^ ^ then yields 



Simplifying, we obtain 



\j''\<{l-v')l''^ + y'{l-y')\j''\ 



The lower bound 117*^1 > (1 — ^Y-ff then gives 

<\-v'. 

Since v' = u^^^, the left hand side expands to 

+ _ + ^5/4 _ ^3/2 > 1 _ J,/. 

This contradiction completes the proof. □ 
Claim 1. 

1.7-1 < a -.)yr. 

Once we have proved Claim 1, the proof is complete by following the argument which is very 
similar to that in [15] . Define 
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The Triangle Counting Lemma implies that |/C3(Pa^ U Pf U P^'')\ < ^(1 + 6). Now Claim 1 
and ^ give 

Since Q' € S'^' for every Q & C, 

Each Q C can be written as Q = Q' U £g. In view of ([2]) and \£g\ < an^, the number of £g 
with ^ G C7 is at most J2i<an-^ (f ) < 2^('^)"'. Consequently, 

\C\ < 2(i-f)#+^W-' 

and we are done. 

Proof of Claim 1. Suppose to the contrary that \ J'^\ > (1 — i^)^^- We apply Lemma [3] 
and conclude that for most functions (p the corresponding triple system J'^ satisfies 

\J^\ > (1 - ^')^ > (1 - - > (1 - 2^')^- 

By Theorem HI we conclude that for all of these the triple system J'^ has a 3-partition 
where the number of non-crossing edges is at most iy"t^. We also conclude that the number 
of crossing triples that are not edges of J'^ is at most 

27 y 3 ^ ^ 

Fix one such cp and let the optimal partition oi Jcf, he P,f, = X UY U Z . Let P = Vx U Vy U Vz 
be the corresponding vertex partition of [n]. In other words, Vx consists of the union of 
all those parts Vi for which i £ X etc. We will show that P is a partition of [n] where 
the number of non-crossing edges \Dp\ is fewer than rju"^. This contradicts the fact that 
Q G Forb{n, F5) — Forb{n, F^,rj) and completes the proof of Theorem [2j 

We have argued earlier that \£g\ < an? < ^rfi so it suffices to prove that \Dp — £g\ < ^n^. 

Call a £^ : ('2) [I] good if it satisfies the conclusion of Lemma [Sj otherwise call it bad. For 
each ^ and edge k} S J'^, we have a, b, c defined by a = j}) etc. let be the union, 
over all {i, j, k} G J"^, of the edges of G that lie on top of the triangles in Pq-' U P^^ U P^^. Let 
be the set of edges in that are non-crossing with respect to P = Vx U Vy U Vz- We 
will estimate \Dp — £g\ by summing \D^\ over all ^. Please note that each e G Dp — £g lies in 
exactly different due to the definition of . Summing over all gives 

i{i)-^\Dp-£g\= J2 \Di\< 

5 good 5 bad 
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Note that for a given edge k} G J'^ the number of edges in corresponding to this edge 
is the number of edges in ViUVjUVk on top of triangles formed by the three bipartite graphs, 
each of which is e-regular of density l/l. By the Triangle Counting Lemma, the total number 
of such triangles is at most 

By Lemma [HI the number of bad ^ is at most v'l^"^ . So we have 

e,had ^ ^ ^ ^ 

It remains to estimate ^^^^ l-^^l- 

Fix a good and let the optimal partition of ^ be = ^ U i? U C (recall that we know the 
number of non-crossing edges with respect to to this partition is less than v"t'^). 

Claim 2. The number of crossing edges of that are non-crossing edges of is at most 

imv"t^. 

Suppose that Claim 2 was true. Then we would obtain 

Explanation: We consider the contribution from the non-crossing edges of P^ that are (i) 
crossing edges of and (ii) non-crossing edges of P^. We do not need to consider the 
contribution from the crossing edges of P^ since by definition, these do not give rise to edges 
of Dp. 

Altogether, using ([3]) we obtain 

\Dp -£g\< {2Q2v" + u')n^ < 
and the proof is complete. We now prove Claim 2. 

Proof of Claim 2. Suppose for contradiction that the number of crossing edges of P^ that 
are non-crossing edges of P(f) is more than 100i'"t^. Each of these edges intersects at most 3(2) 
other edges of ^7^, so by the greedy algorithm we can find a collection of at least 50i^"t of these 
edges that form a matching M. Pick one such edge e = {k, k' , k"} € M and assume that k 
and k' lie in same part U oi P^p. Let d be the number of ways to choose a set of two triples 
{/) /'} with / = k}, f = k'}, i,j^UU {k"} and i and j lie in distinct parts of P,f,. 
Since |^^| > (1 — 2z^')|^, \Dp^\ < v"t^ and v' are sufficiently small 

<i>(mm{lX|,lr|,|Zl)-l)'>-J^. 



E 



2 
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As {e, /, /'} = -F5 there are at least d potential copies of -F5 that we can form using e and two 
crossing triples /, /' of P^. Suppose that / = {i,j,k},f' = {i,j,k'} are both in J'^ for one 
such choice of {/, /'}. Consider the following eight bipartite graphs: 

^ - ^mk,k'}) ^ -^a{k',k"}) ^ - ^({{k,k"})- 

Set G = \J G"^ where the union is over the eight bipartite graphs defined above. Since 
{^5 /) /'} C JT^ U the 3-graph J = {e, /, /'} associated with G and ^ is a cluster 3-graph. 
By ([8|) and Q, we may apply the Embedding Lemma and obtain the contradiction d Q. 
We conclude that /" ^ for some /" S {/, /'}. 

To each e € M we have associated at least d triples /" J^f,. Since M is a matching and 
|cn/"| = 1, each such /" is counted at most three times. Summing over all e E M, we obtain 
at least > ^^''t^ triples /" that are crossing with respect to but are not edges of J^. 
This contradicts (jlip and completes the proof. □ 



5 Proof of Theorem [T] 

In this section we complete the proof of Theorem [TJ We begin with some preliminaries. 
5.1 Inequalities 

We shall use Chernoff 's inequality as follows: 

Theorem 5. Let Xi, . . . , X^a be independent {0, 1} random variables with P{Xi = 1) = p for 
each i. Let X = Y2i -^i- Then the following inequality holds for a > 0.' 

P{X <EX -a) < exp(-aV(2pm)). 
We will use the following easy statement. 

\G\ 

Lemma 4. Every graph G with n vertices contains a matching of size at least 

Proof. Assume that there is a maximal matching of size r. The 2r vertices of the matching 
can cover at most 2rn edges, by the maximality of the matching there is no other edge in 
G. □ 

Recall that T{n) is the number of 3-partite 3-graphs with vertex set [n] and s(n) = [^^^^J • 
L^^T^J • [^J . For a 3-partition A, B,G of a 3-graph, and u ^ A,v B, write Lc{u, v) or simply 

L(n, v) for the set of w G C such that uvw is an edge. As usual, the multinomial coefficient 

( n \ _ n\ 
\a,b,cJ ~ aMd- 



12 



Lemma 5. As n ^ oo we have 



T(n-2) < { n^2-^+" ) r(n). (13) 



In addition, 



Proof. For the upper bound in (jl2p . observe that 3" counts the number of 3-partitions of the 
vertices, and the exponent is the maximum number of crossing edges that a 3-partite 3-graph 
can have. 

For the lower bound we count the number of (unordered) 3-partitions where this equahty can 
be achieved. Each such 3-partition gives rise to 2^*^"^ 3-partite 3-graphs. The number of such 
3-partitions of [n] is at least 

If n 



6 VL^J,L^J,L§J 

We argue next that most of the 3-partite 3-graphs obtained in this way are different. More 
precisely, we show below that for any given 3-partition P as above, most 3-partite 3-graphs 
with 3-partition P have a unique 3-partition (which must be P). Given a 3-partition Ui,U2,U^ 
of [n], if the crossing edges are added randomly, then Chernoff's inequality gives that almost 
all 3-graphs generated satisfy the following two conditions: 

(i) for all u G Ui,v & Uj, where {i,j,i} = {1,2,3} we have \Lij^{u,v)\ > n/10 

(ii) for {i,j, i} = {1, 2, 3} and for every Ai C Ui, Aj C Uj with \Ai\, \Aj\ > n/10 and v G Ui, the 
number of crossing edges intersecting each of Ai,Aj and containing v is at least |Aij|^2|/10. 

If Ti has 3-partition Ui,U2, U3 of [n] , and it satisfies conditions (i) and (ii) , then the 3-partition 
is unique. Indeed, take u, v lying in an edge, then u, v and L{u, v) are in different parts, where 
\L{u,v)\ > n/10, so for w G L{u,v), L{u,w) is in the same part as v and L{v,w) is in the 
same part as u. Now by (ii) the rest of the vertices must lie in a unique part. 

To prove (jl3p first note that a + b + c= n, then (^^ J is maximized for a = [(n + 2) /3j , b = 
[(n -|- l)/3j,c = [n/3j. This implies that 

Together with (jl2p we obtain 



Tin - 2) 3n-22s(n-2) 

< 



T{n) (i-o(l))(L,^j^L^j_Ltj)2'^"^ 
It is easy to see that s{n) — s{n — 2) > 2n^/9 — n, and the result follows. □ 
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5.2 Lower Density 

Definition 6. A vertex partition Ui,U2,Us of a 3-graph !F is ix-lower dense if each of the 

following conditions are satisfied: 

(i) For every i if Ai C Ui with \Ai\ > /in then 

\{EeJ^: l^nAI = 1, /orl <i <3} > |^i| • l^sj • l^al • 2"^ 

(a) Let {i,j,i} = {1,2,3}; Ai C Ui with \Ai\ > /in, G C Uj x Ui with \G\ > //^n^. Then 

\{EeJ^: \EnAi\ = l, E-AieG}\ > \Ai\-\G\-2-^. 

(Hi) Let {i,j,i} = {1,2,3}, Ai C Ui and Aj C Uj with > /in, and G be a matching 

on Ui with \G\ > jin. Set 

J'a,,a,,g = {{C,D} G : c-Ui = D-Ue, \CnAi\ = \CnAj\ = l,{{CnUe), {DnUe)} e G}. 

Then 

\Ai\.\Aj\.\G\ 

iJ'AuAjM > ^7 • 

(iv) For every i we have \\Ui\ — n/3| < /xn. 

For > let Forh{n,Fr,^ri, n) C Forb{n, F^,r]) be the family of /i-lower dense liypergraphs. 
Lemma 6. For every rj if fj,^ > 10^H{6r]) then for n large enough 

\Forbin, F5, r]) - Forb{n, F5, r?, //)| < 2'*'(V27-mV40)_ 

Proof. We wish to count the number oiH E Forb{n, F5,r)) — Forb{n, F5, r), jj). The number of 
ways to choose a 3-partition of Ti. is at most 3". Given a particular 3-partition P = {Ui,U2,U3), 
the number of ways the at most rjn^ bad edges could be placed is at most 



If \Ui — n/S\ > /un for some i, then the number of possible crossing edges is at most 

n^(l/27 - /xV4 + < n^{l/27 - 

We conclude that the number of Ti £ Forb{n, F5, rj) — Forb{n, F5,r], /x) for which there exists 
a partition that fails property (iv) is at most 

/(n,r?)2-'(V27-^V5)^ 

where 

/(n,?7) = 3'^-2^(6''KS). 
14 



Since 7i ^ Forb{n, F^,rj, fi) it fails to satisfy one of the four conditions in Definition O For 
a fixed partition P and choice of bad edges, we may view as a probabihty space where we 
choose each crossing edge with respect to P independently with probability 1/2. The total 
number of ways to choose the crossing edges is at most 2"^/^^ (an upper bound on the size of 
the probability space) so we obtain that \Forb{n, F^,r]) — Forb(n, F^j,!], is upper bounded 

by 

f{n,rj) ■ 2"'/27 . Prob{n fails (i) or (ii) or (iii)) + /(n, 7?)2"'(^/27-mV5)_ 

We will consider each of these probabilities separately and then use the union bound. First 
however, note that the number of choices for Ai C Ui as in Definition [6] is at most 2" and the 

2 

number of ways G could be chosen is at most 2" . 

(i) Since |^i||A2||^3| > n^ri'^, Chernoff's inequality gives 

Prob{n fails (i)) < 2^'^ • ex.p{- fi^n^ / 16). 

(ii) Since > /U'^n^, Chernoff's inequality gives 

Prob{n fails (ii)) < 2" • 2"' • exp{-fi^n^ /16). 

(iii) Since > fi^n^ and both edges C and D must be present, we apply Chernoff's 
inequality with m = \Ai\\Aj\\G\/2 and p = 1/4. The number of matchings G is at most 
(n2)"/2 = 2"i°S2'^^ so 

Prob{n fails (iii)) < 2^" • 2"i°S2" • exp{-fi^n^ /32). 
The lemma now follows since W^H{6r]) < jjt', and n is sufficiently large. □ 

5.3 There is no bad vertex 

Let Ti G Forb{n, F^jT], n), assume n is large enough, and Ui,U2,U3 is an optimal partition 
of TC, with X G Ui. For a vertex y let Lij{y) denote the set of edges of H containing y, and 
additionally intersecting Ui and Uj. In particular, Li i{y) is the set of edges of 7^ which contain 
y, and their other vertices are in Ui. 

The aim of this subsection is to prove the following lemma, which shows that the number of 
bad edges containing a vertex is small. 

Lemma 7. Each of the foUowings is satisfied for x € C/i . 

(i) \Li^i{x)\ < IfiTi^. 

(ii) |Li,2(a;)| < 2^n2. 

(iii) \L2,2{x)\ < 2/in2. 

(iv) \Li-s{x)\ < 2^n2. 

(v) |L3,3(x)| < 2^n2. 
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Proof, (i) If |Li > Ifin? then by Lemma|3]{-E — x : E & Li i{x)} contains a matching G 
with size at least fm. Then using Definition [6] (iii) (with G,Ai = U2,Aj = U3) for TC, we find 
y,z £ Ui, a € U2, b G such that xyz, yab, zab € fi, yielding an C Tl, a contradiction. 

(ii) Suppose for contradiction that [Li^2(2;)| ^ 2fj,n?. By the optimality of the partition 
\Li^2ix)\ < |L2,3(x)[, otherwise x could be moved to U3 to decrease the number of bad edges. 
We shall use property (ii) in Definition [6l We use it with G = {E — x : EG Li^2ix)} and 

A3 = {z eUs : 3 crossing edges Ei,E2 £ TC with {x, z} C Eif] E2}. 

Note that |^3| > fin as |L2,3(a;)| ^ 2fi'n?. Since Ti. is /i-lower dense, we find abz £ TL with 
xab € Li^2{x) and z € A3. By definition of ^3, there exists b' £ U2 — {b} such that xb'z € 
-^^2,3(2;). This gives us abx,abz,xb' z £ TC, forming an F^. 

(iii) Suppose for contradiction that |i^2,2(3;)| ^ By Lemma [!]{£' — x : E £ -^^2,2(2^)} 
contains a matching G with size at least fm. Then using Definition [6] (iii) (with G, Ai = 
Ui — x,Aj = C/3) we find b,b' £ U2, a £ Ui, c £ U3 such that abc, ab' c, xbb' £ TL, forming an 
F^ C H, a contradiction. 

The proof of (iv) is identical to (ii) and of (v) is to (iii). □ 
5.4 Getting rid of bad edges - A Progressive Induction 

Here we have to do something similar to the previous section, however, as we get rid of only 
a few edges, the computation needed is more delicate. We shall do progressive induction on 
the number of vertices. The general idea is that we remove some vertices of a bad edge, and 
count the number of ways it could have been joined to the rest of the hypergraph. 

We shall prove ([T|) via induction on n. Fix an uq such that I/uq is much smaller than any 
of our constants, and all of our prior lemmas and theorems are valid for every n > uq. Let 
C > 10 be sufficiently large that ([T]) is true for every n < uq. 

Let Forb'{n,F^,rj,fi) be the set of hypergraphs TL £ Forb{n,F^,ri, fx) having an optimal par- 
tition with a bad edge. Our final step is to give an upper bound \Forb'{n, F^,rj, /x)|. There are 
two types of bad edges, one which is completely inside of a class, and the one which intersects 
two classes. 

Let the bad edge be xyz, and the optimal partition be Ui,U2,U3. Without loss of generality 
assume that x,y £ Ui. 

In an TL £ Forb'{n, F^,r], fi), x,y,z could be chosen at most ways, the optimal partition 
of TL in at most 3" ways and the hypergraph TL — {x,y} in at most \Forb(n — 2,^5)! ways. 
By Lemma E each of |Li,i(x)|, |Li,i(y)|, |Li_2(2;)|, |Li,2(y)|, |-Li,3(x)|, |Li_3(y)|, |L2,2(a;)|, 
1-^2, 2(^)1, 1^3,3(3^)1, |L3^3(y)| is at most 2/in^, therefore the number of ways the bad edges 
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could be joined to x, y is at most 

10 

,2 



ii<2fin'^ 

The key point is that for any {u, v) G {U2 — z) x (C/3 — z), we cannot have both xuv, yuv G Ti. 
otherwise they form with xyz a copy of F5 . Together with Definition [6] part (iv) , we conclude 
that the number of ways to choose the crossing edges containing x or y is at most 

2 

Note that the 2^" estimates the number of ways having edges containing u, z or vz, as for 
these pairs we do not have any restriction. 

Putting this together, 

\Forb'{n,F5,i],n)\ < n33"|For&(n - 2, Fg)] • 2^0-^(4^)"'3'^+'^"'. (14) 
By the induction hypothesis, this is at most 

n33"(l + 2^("-2)-^^)r(n - 2)2^0^(4'^)"' 3 "fW. 
Using this is upper bounded by 

n^T (^1 + 2^("-2)-2(^ j 2(90/^(4^)+log2 3+9/.-2+f . 

As mentioned before, the crucial point in the expression above is that log2 3 — 2 < 0. More 
precisely, since n > no, log2 3 < 1.59 and 90ff(4/i) + 9^ < 0.001, we have 

/ 9\ 2n^ 

f 90//(4/i) + log2 3 + 9/i - 2 + - j — < - — . 

Consequently, 

\Forb'{n,F5,r],fi)\ < n^3" (^1 + 2^("-2)-2ii92li^ ^-^T^ < i^2^"-^T(n). 

Now we can complete the proof of ([T]) by upper bounding \Forb{n, F^)\ as follows: 
\Forb{n, F5) — Forb{n, t/)! + \Forb{n, F^,7]) — Forb{n, F^,rj, + \Forb'{n, F^,!], //)| +T(n) 
< 2(1-^^)1^ + 2'^'(^-w) + i-2^"-^r(n) + r(n) 



< (l + 2^"-^)r(n) 



where the last inequality holds due to T(n) > 2'^^"^ > 2 27 *^(" ) . This completes the proof of 
the theorem. □ 
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